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Paul A.M. Dirac’s book, The Principles of Quantum Mechanics, summarized the foundations of a
new science,much of which was his own creation.It expressed the spirit of the new quantum mechan-
ics, creating a descriptive language that we still use. I discuss the successive editions of Dirac’s book
and their critical reception, noting changes, especially in the formulation of the general theory and
in its treatment of relativistic quantum theory and quantum electrodynamics. In the case of the
later editions, I discuss Dirac’s negative attitude toward renormalized quantum electrodynamics.
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Introduction

Paul A.M. Dirac’s great treatise, The Principles of Quantum Mechanics, which set the
stage, the tone, and much of the language of the quantum-mechanical revolution, was
published three-quarters of a century ago in 1930.1 Abdus Salam and Eugene P.
Wigner declared in their preface of a book commemorating Dirac’s seventieth birth-
day that:

Posterity will rate Dirac [figure 1] as one of the greatest physicists of all time. The
present generation values him as one of its great teachers – teaching both through
his lucid lectures as well as through his book The Principles of Quantum Mechanics.
This exhibits a clarity and a spirit similar to those of the Principia written by a pre-
decessor of his in the Lucasian Chair in Cambridge…. Dirac has left his mark, not
only by his observations … but even more by his human greatness.… He is a legend
in his own lifetime and rightly so.2

Abundant praise has been heaped upon Dirac’s Principles. I will give only two brief
quotations to illustrate its impact on students. The first is by Harish-Chandra:

As a young undergraduate in 1940, I came across a copy of Dirac’s book… – the first
edition of 1930 – in the library of Allahabad University in India and was immedi-
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ately fascinated by it. The exposition was so lucid and elegant that it gave me the
illusion of having understood most of it and prompted in me a strong desire to
devote my life to theoretical physics.3

The second is by Nicholas Kemmer, speaking of his copy of Principles acquired in
Zurich in 1934:

I had heard from [Gregor] Wentzel of the “transformation theory” of quantum
mechanics, which somehow unified the different possible approaches to the subject,
but even so, the bold, sweeping exposition of this unification I found in the book
astonished and thrilled me. Let me dwell for a moment on just one feature of Dirac’s
approach – the “delta function.” My earlier studies had been centered on mathe-
matics, mainly under instruction from purists and formalists. Reading of the delta

Fig. 1. Paul A.M. Dirac (1902–1984) in the middle of the 1920s. Credit: Photograph by A. Börtzells
Tryckeri; courtesy of American Institute of Physics Emilio Segré Visual Archives, E. Scott Barr and
Weber Collections.
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function, I felt I was treading on forbidden ground, to be avoided by all good little
mathematicians.4

And having introduced this forbidden subject, I cannot refrain from giving Laurent
Schwartz’s tribute. After discovering distribution theory in 1945, he realized that it
could solve the difficulties of the Dirac delta function, and he noted:

I then looked at a certain number of works of theoretical physics, and became aware
with awe [avec effroi] of the enormous breakthrough [percée] that had been made
by physicists in the manipulation of distributions, without the mathematicians hav-
ing “given them the right.”… It was not only the Dirac function itself that Dirac put
forward, but likewise for all singular functions, he had the idea of distributions as
kernels.5

Principles as discussed in Dirac’s Collected Works

Dirac’s Collected Works, published in 1995, does not include his books, but in the case
of Principles, Richard H. Dalitz, the editor, provided the front matter of each of its edi-
tions and gave a brief analysis of its structure and successive changes. He noted in his
preface that:

The greatest change in this book was that from its first edition in 1930 [figure 2] to
its second edition in 1935, the latter being almost completely rewritten. The third
edition (1947) was considerably changed in appearance and detail since Dirac
adopted in this edition the “bra” and “ket” notation which he had developed and
advocated in 1939.… The fourth edition was printed in 1958.… The fourth edition
(revised) was printed in 1967, with reprintings of it in 1971 and 1974, but is now out-
of-print as a hardback. This last edition was printed as a paperback in 1981 and has
been reprinted in almost every year since then, up to 1993.… The later editions, from
the third (1947) to the fourth revised (1968) differ mostly in the last chapter, where
quantum field theory and quantum electrodynamics are discussed, since there was a
great increase in our knowledge of these topics, both experimental and theoretical,
over those two decades, whereas Dirac’s opinions hardened concerning the inac-
ceptability of the renormalization programme and its lack of rigor beyond the per-
turbative regime.6

In Dirac’s Collected Works there is a list of the translations of Principles, and it also
contains prefaces (translated into English) of the Russian editions, written by the Rus-
sian editors and publishers. For the third Russian edition, Dirac supplied an additional
preface of his own. Dalitz explained:

Dirac’s book The Principles of Quantum Mechanics has been translated and pub-
lished in many languages. Indeed, nobody knows how many, not even Oxford Uni-
versity Press. Why have we selected for discussion only the Russian editions among
all those foreign editions? This is because of Dirac’s close relationship with Russian
physicists [notably Peter Kapitza and Igor Tamm].…



Laurie M. Brown Phys. perspect.384

There were a number of difficulties about Dirac’s book…. [One] difficulty was
local; Dirac’s philosophical approach to his physics was rather idealistic, not along
Marxist lines, so that the appearance of the book in Russia could be dangerous for
those taking responsibility for its translation and publication.7

Japanese translations of Principles

In a letter dated April 25, 1936, Yoshio Nishina, who is regarded as the father of Japan-
ese nuclear and elementary-particle physics, wrote to Dirac from the Institute for Phys-
ical and Chemical Research (Japanese acronym Riken) in Tokyo:

I thank you very much for your kind letter of the 25th March, a short “Preface to the
Japanese Edition” of your book, and the manuscript about “Approximate Method”
which is to be included in the Japanese Edition.* We have just sent our translation

Fig. 2. Title page of the first edition of Paul A.M. Dirac’s Principles of Quantum Mechanics.

* This may be the manuscript, “Approximate methods,” in Dirac, Collected Works (ref. 6), pp.
481–496, which became Chapter XIa of the first Russian edition of Principles.
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to the press without the Preface and the Approximate Method, both of which will
be added later.…8

Ten months later, on February 15, 1937, Nishina wrote again to Dirac: “I suppose that
you have received a copy of Japanese translation of your book, which appeared
December last.”9 His letter ends: “P.S. The names of the translators of your book are
as follows: Yoshio Nishina, Shin-Ichiro Tomonaga, Minoru Kobayashi, and Hidehiko
Tamaki.” Tamaki described how this translation was prepared:

Dr. Nishina had been thinking about translating Dirac’s Principles of Quantum
Mechanics since 1931… [and] Heisenberg’s Die Physikalischen Prinzipien der
Quantentheorie. Back then, Dr. Nishina had written to the authors and the publish-
ers of those books, and he had secured the translation rights for both books…. [He]
was so busy at the time that the work progressed at a snail’s pace. Before too long,
Dirac sent him a letter, saying, “The second edition will soon be published. It may
be worthwhile to delay publication of your translation until the second edition
becomes available.” To this Dr. Nishina agreed.

In 1935, on the way home from the United States, Dirac visited Japan for the sec-
ond time. A little before that, Dr. Nishina had suggested that we translate the sec-
ond edition of his book. According to Dr. Nishina, the author himself had told him
that the time was right to bring out a Japanese version, and that the second edition
was written in a style far easier to comprehend than the first one.

We set to work after Dirac left Japan. Led by Dr. Nishina, the translation project
started in the form of a seminar, but progress was slow, and before we had gotten
very far, it was summer. We decided to lodge together in some cool place to com-
plete the work and borrowed a mountain villa at the so-called Hosei University Vil-
lage in Kita-Karuizawa…. The villa which the three of us, Tomonaga, Kobayasi, and
I, rented was a snug little one…. Dr. Nishina and his family rented a little larger
house on the outskirts of the village….

Although the daily work of translation was hard, we had no lack of delights. From
July to early August, the weather was fine, and little cuckoos, bush warblers, and
many other birds which we could not name seemed to vie with each other to see who
would sing the most tunefully. Beautiful flowers bloomed everywhere.10

Tamaki concluded his romantic recollections by noting that by the end of 1935 Tomo-
naga had put the finishing touches on the translation and by December 1936 had com-
pleted the proofreading. “Dirac’s book went through third and fourth editions. Suc-
ceeding Dr. Nishina, Tomonaga became the representative for the Japanese edition.”11

Introductory Material in the First and Second Editions of Principles

I now turn to a comparison of the different editions of Dirac’s Principles. For the most
part, the book is based upon his reformulation of quantum theory during 1925-1927. I
will deal with his guiding philosophy only as he expressed it in Principles.12

Dalitz remarked on the relationship of Dirac’s Principles to his doctoral thesis: “It is
sometimes stated that its chapters are simply an expansion of the chapters of his Ph.D.
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dissertation, written in 1926, but this is a misunderstanding, as any reader will realize at
once.”13 Dirac worked out some of the material in Principles, such as his relativistic
theory of the electron, in 1928, while he had published the q-number and c-number ter-
minology in 1926 and had used it in his thesis.14 His fundamental discussions in Princi-
ples are close in spirit to his article of 1927, “The Physical Interpretation of the Quan-
tum Dynamics,”15 in which he described how to make coordinate-free calculations in
terms of q-numbers and then interpret the results in terms of real c-numbers that can
be compared with experimental measurements. He also defined in it the δ-function and
its derivatives, described the transformations of functions of q-numbers, and gave their
equations of motion.

In each edition of Principles, Dirac established the basic theory in the first half of
the book and dealt with applications in the second half. I will focus on its early chap-
ters as well as its later chapters that treat relativistic theory and radiation.

Dirac expressed his philosophy in his preface to the first edition of Principles, which
he included in each succeeding edition along with a new preface pointing out the dif-
ferences between that edition and the preceding one. He emphasized the “vast change”
that had taken place since the classical tradition, in which one could “form a mental
picture in space and time of the whole scheme.”16 Instead, the fundamental laws now
“control a substratum of which we cannot form a mental picture without introducing
irrelevancies.” We are obliged to rely on the “mathematics of transformations,” in
which the “important things in the world appear as the invariants (or more generally
the nearly invariants, or quantities with simple transformation properties) of these
transformations.”

Dirac noted that the required mathematics was not essentially different from that
currently used by physicists. Instead of the usual method of coordinates or representa-
tions that Werner Heisenberg and Erwin Schrödinger used for instance, he preferred
the symbolic method, which “deals directly in an abstract way with the quantities of
fundamental importance.” Dirac’s transformation theory, which he used to formulate
the foundations of quantum theory, is really group theory, which physicists had used to
treat particular problems in quantum mechanics, such as those of angular momentum
and atomic spectra.17 He cautioned that, although Principles was very mathematical,

All the same the mathematics is only a tool and one should learn to hold the physi-
cal ideas in one’s mind without reference to the mathematical form. In this book I
have tried to keep the physics to the forefront, by beginning with an entirely physi-
cal chapter and in the later work examining the physical meaning underlying the for-
malism wherever possible.18

Thus, in the first chapter, ‘The Principle of Superposition,’ Dirac discusses its physics
without using any equations. He begins by stating that “it is quite hopeless on the basis
of classical ideas to try to account for the remarkable stability of atoms and molecules.”
“Classical electrodynamics forms a self-consistent and very elegant theory,” but quan-
tum mechanics is “even more elegant and pleasing than the classical theory….”19 We
see here immediately the high value that Dirac placed on mathematical beauty.

Besides the stability of matter, Dirac considers the nature of light as requiring a
departure from classical mechanics and electrodynamics (he appears to use these terms
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interchangeably). Since light exhibits interference and diffraction as well as causes the
emission of photoelectrons, it consists of both waves and particles, which “should be
regarded as two abstractions which are useful for describing the same physical reali-
ty.”20 Interference is a special case of the principle of superposition, which he illustrates
in more detail in the case of polarization. Consider a plane-polarized beam of light
whose intensity is so low that we can consider it to consist of one photon, and imagine
that it passes through a polarimeter set at an angle α to its direction of polarization.
Then the “result predicted by quantum mechanics is that sometimes one would find the
whole of the energy in one component [at either α or α + π/2] and the other times one
would find the whole in the other component.” “Thus the individuality of the photon
is preserved in all cases, but only at the expense of determinacy.”21

A photon of polarization zero (state zero) also can be considered to be partly in the
state specified by the angle α and partly in the state specified by the angle α + π/2.
Dirac recognized that his readers might feel that he had 

not really solved the difficulty of the conflict between the waves and the corpuscles,
but have merely talked about it in a certain way and, by using some of the concepts
of waves and some of corpuscles, have arrived at a formal account of the phenome-
na, which does not really tell us anything that we did not know before. The difficul-
ty of the conflict between the waves and corpuscles is, however, actually solved as
soon as one can give an unambiguous answer to any experimental question. The
only object of theoretical physics is to calculate results that can be compared with
experiment….22

Dirac continues in Chapter I to discuss and generalize the concepts of superposition
and indeterminacy. He defines the term “state” as a “condition [that exists] throughout
an indefinite period of time….”“A system when once prepared in a given state, remains
in that state so long as it remains undisturbed.”23 His definition introduces some arbi-
trariness, since in the case of the polarized photon, for example, the polariscope can be
considered to be either a part of the system or a “disturbance.” Similar arbitrariness is
involved in the definitions of preparation and observation.Although superposition also
occurs in classical wave theory, “the superposition that occurs in quantum mechanics is
of an essentially different nature from that occurring in the classical theory. The analo-
gies are therefore very misleading.”24

Dirac finally gives a general statement of the principle of superposition:

We say that a state A may be formed by a superposition of states B and C when, if any
observation is made on the system in the state A leading to any result, there is a finite
probability for the same result being obtained when the same observation is made on
the system in one (at least) of the two states B and C. The Principle of Superposition
says that any two states B and C may be superposed in accordance with this defini-
tion to form a state A and indeed an infinite number of different states A may be
formed by superposing B and C in different ways. This principle forms the founda-
tion of quantum mechanics. It is completely opposed to classical ideas, according to
which the result of any observation is certain and for any two states there exists an
observation that will certainly lead to two different results.25
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I now turn to the second edition of Dirac’s Principles, published in 1935. As he
explained in its preface:

The book has been mostly rewritten. I have tried by carefully overhauling the
method of presentation to give the development of the theory in a rather less
abstract form, without making any sacrifices in exactness of expression or in the log-
ical character of the development. This should make the work suitable for a wider
circle of readers, although the reader who likes abstractness for its own sake may
prefer the style of the first edition.26

Apart from stylistic changes, the main difference between the second and first editions
of Principles is that Dirac now uses the term “state” to denote the condition of a sys-
tem at a given time, not for all time, noting that this usage “contributes so essentially to
the possibilities of clear exposition as to lead one to suspect that the fundamental ideas
of the present quantum mechanics are in need of serious alteration at just this
point….”27 Dirac is probably expressing here the discomfort that he and many other
theorists were feeling about the contradictions that were by then apparent in quantum
field theory.

The physics community welcomed Dirac’s less abstract presentation in the second
edition of Principles. Heisenberg, for example, wrote to Dirac:

Many heartfelt thanks for the second edition of your book, which I received a few
days ago. I have studied it with great pleasure and hope especially to learn from the
new section on radiation theory. On the whole, I find it very beautiful that your book
is now rather more human [menschlicher] than earlier, and that one still observes
nevertheless on every page that it is you.28

As in the first edition, Dirac also presents the general theory in the first half of the sec-
ond edition. He begins Chapter I by discussing the need for a quantum theory, adding
that any classical treatment of either atomic systems or the electromagnetic field pre-
dicts specific heats of solids that are much too large, since the degrees of freedom of
their internal motions do not contribute to them.

Dirac now also gave a general philosophical reason why classical ideas could never
account for the ultimate structure of matter: Classically speaking,“big” and “small” are
only relative concepts. He continued:

In order to give an absolute meaning to size, such as is required for any theory of the
ultimate structure of matter, it becomes necessary to assume that there is a limit to
the fineness of our powers of observation and the smallness of the accompanying dis-
turbance – a limit which is inherent in the nature of things and can never be surpassed
by improved technique or increased skill on the part of the observer.29

This meant, Dirac argued, that we must revise our concept of causality. If a system is
small, we necessarily introduce indeterminacy when observing it, and therefore we are
able to calculate only the probability of obtaining a particular result. He concluded:

The lack of determinacy in the quantum theory should not be considered as a thing
to be regretted. It is necessary for a rational theory of the ultimate structure of mat-
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ter. One of the most satisfactory features of the present quantum theory is that the
differential equations that express the causality of classical mechanics do not get
lost, but are all retained in symbolic form, and indeterminacy appears only in the
application of these equations to the results of observations.30

Dirac continues in Chapter I by repeating his arguments about the stability of matter
and the wave-particle duality, citing again his example of a plane-polarized photon
passing through a polarimeter – now described concretely as a tourmaline crystal that
passes only light polarized perpendicular to its optical axis. A photon obliquely polar-
ized to the optical axis of the crystal will make “a sudden jump from being partly in
each of these two states [parallel and perpendicular to the optical axis] to being entire-
ly in one or the other of them.”31 He then gives a new example of the principle of
superposition in which he considers a single photon passing through an interferometer.
In this case, a photon in a definite state of motion need not be associated with a single
beam of light, “but may be associated with two or more beams of light which are the
components into which an original beam has been split.”32 In an interferometer, there-
fore, each photon interferes only with itself. He concludes Chapter I by giving the
mathematical formulation of the principle of superposition, introducing state vectors
and using a few simple equations to show how they may be combined to form new state
vectors.

Reviews of the First Two Editions of Principles

Heisenberg began his review of the first edition of Dirac’s Principles of 1930 by saying
that it was directed toward “theoreticians who are studying the mathematical appara-
tus of the new quantum theory and want to investigate it thoroughly.” Generally prais-
ing the book, especially its treatment of perturbation theory and collision problems, he
issued a small caveat:

On the whole, the book gives an outstanding overview of the – known very impor-
tant – part of quantum mechanics, whose originator is Dirac himself. At several
points, the reviewer has the impression that Dirac presents quantum mechanics,
especially its physical content, perhaps somewhat “more symbolically” than is nec-
essary. This situation, however, is characteristic of the method with which Dirac has
obtained such great success, and the physicist will enjoy being able to once become
acquainted with this method in context.33

An unsigned review of Principles appeared in Nature in 1931, grouped with reviews of
related books by Heisenberg and Léon Brillouin. Regarding Dirac’s Principles, the
reviewer wrote:

The original writings of the author have prepared us for a logical and original mode
of approach to the difficult problems of atomic physics. His method has the charac-
ter of a new physical principle. He bids us throw aside preconceived ideas regarding
the nature of phenomena and admit the existence of a substratum of which it is
impossible to form a picture. We may describe this as the application of “pure
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thought” to physics, and it is this which makes Dirac’s method more profound than
that of other writers.34

Wolfgang Pauli reviewed the first English and first German editions of Principles in
1931.35 He noted that Dirac’s abstract presentation had many advantages, especially in
giving a unified view of wave functions, operators, and matrices as different represen-
tations of the algebraic symbols by systems of numbers. Pauli continued:

Also it should be mentioned that the author treats the cases of both the discrete and
the continuous eigenvalues of the observables … and if in the latter case the full
mathematical rigor is not generally observed, this will be regarded by the physical-
ly oriented reader as more an advantage than a blemish, since the lucidity of the
exposition is appreciably raised.36

Pauli pointed out that Dirac’s symbolic method also has serious drawbacks, since the
reader does not learn whether measurements of a general observable can really be
made. The observable he chose as an example was “an arbitrary function of the
momentum and position of a particle, satisfying only the condition of reality.”

Be that as it may, it is so that the symbolic method, aside from questions of this kind,
deserves a legitimate and important position in the present state of the theory, owing
to its elegance and generality.37

Pauli then listed various applications, noting such features as “the beautiful derivation
of the selection rules for angular momentum,” but commented on Dirac’s treatment of
radiation theory that:

At this point the writer cannot refrain from warning that this radiation theory leads
in its application to free electrons to an infinitely large self-energy. This difficulty
must probably be noted as most characteristic and fundamental for the present form
of the quantum theory. The last Chapter 13 contains finally the author’s relativistic
theory of the spinning electron and closes with a section that argues about the not
yet satisfactorily clear questions concerning the solutions with negative energy.38

Pauli concluded:

To summarize let it be said that the learned can find in this book, besides the fun-
damental principles of today’s quantum mechanics, all the important methods and
results in completely reliable form, and it will soon be an essential standard work for
all independent workers in this field. The German translation is unobjectionable
[einwandfrei].39

Paul S. Epstein reviewed the second edition of Dirac’s Principles in Science in June
1935. He began by describing the first edition in words almost taken from Pauli’s
review of the first edition (“absolutely reliable,” an “indispensable aid to independent
workers in this field”) and then continued:

It had, however, one serious drawback: the highly abstract character of the intro-
ductory chapters. In the first place, the notion of observable … was introduced in a
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manner so detached from experiment that the reader may have remained uncon-
vinced that their measurement is in all cases possible. In the second place, a rather
unusual meaning was assigned to the term “state.”… It was mainly due to these two
features that the first part of the old edition made difficult reading, overtaxing the
powers of abstraction of the less experienced student and making the book unsuit-
able as a classroom text.

Both flaws are completely eliminated from the second edition. The author does
not forget for a moment to stress the experimental point of view and lives up in his
exposition to the principle stated by him on page 5: “Only questions about the
results of experiments have real significance and it is only such questions that theo-
retical physicists consider.”40

After praising the clarity and simplicity of the second edition, Epstein said that “there
is no longer any reason why it should not prove of excellent service as a text in
advanced courses.”* He pointed out that the “subject matter is not materially changed
in the new edition,” even though the positron had been discovered in the meantime,
which provided an interpretation of the troublesome negative-energy states of the
electron in Dirac’s relativistic theory. The formation of electron pairs was a subject of
current theoretical interest. According to Epstein:

The author must have felt, however, that these theories have not yet crystallized into
a consistent system and are not secure enough to be included in a treatise of the char-
acter of a text- and hand-book; only one brief section is devoted to the positron. On
the other hand, there is attached a new chapter on the electromagnetic field which
has attained in the last years a formally satisfactory character … (although some
deeper problems connected with the structure of the electron remain unresolved).41

Illustrations of Dirac’s Style in the First Two Editions of Principles

I now illustrate with two examples how the first and second editions of Dirac’s Princi-
ples differed in their styles. To get a feeling for his style in the first edition, I quote the
first paragraph of Chapter II, Symbolic Algebra of States and Observables:

We introduce certain symbols which we say denote physical things such as states of
a system or dynamical variables. These symbols we shall use in algebraic analysis in
accordance with certain axioms which will be laid down. To complete the theory we
require laws by which any physical conditions may be expressed by equations
between the symbols and by which, conversely, physical results may be inferred from

* As a personal aside, I might comment that I began to read the still more accessible third edi-
tion of Dirac’s Principles when I was taking my first course in quantum mechanics at Cornell
University, taught by Richard Feynman. I found that it still overtaxed my powers of abstraction
on the first two attempts, but it became highly readable and inspiring on the third try. Thus, I
wonder whether it was the “humanizing” of the second edition, or merely the passage of time
and increasing familiarity with Dirac’s methods that made the second edition appear peda-
gogically superior to the first.
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equations between the symbols. A typical calculation in quantum mechanics will
now be run as follows: One is given that a system is in a certain state in which cer-
tain dynamical variables have certain values. This information is expressed by equa-
tions involving the symbols that denote the state and the dynamical variables. From
these equations other equations are then deduced in accordance with the axioms
governing the symbols and from the new equations physical conclusions are drawn.
One does not anywhere specify the exact nature of the symbols employed, nor is
such specification at all necessary. They are used all the time in an abstract way, the
algebraic axioms that they satisfy and the connexion between equations involving
them and physical conditions being all that is required. The axioms, together with
this connexion, contain a number of physical laws, which cannot conveniently be
analyzed or even stated in any other way.42

By contrast, in the second (“more human”) edition Dirac introduces the mathematics
with a discussion of the principle of superposition:

The superposition process is a kind of additive process and implies that states can in
some way be added to give new states. Now any mathematical quantities which can
be added to give new quantities of the same nature may be represented by vectors
in a suitable vector space with a sufficiently large number of dimensions.We are thus
led to represent the states of a system by vectors in a certain vector space. The vec-
tors will be assumed all to radiate from a common origin.43

Dirac begins to present this mathematics more precisely in Chapter II:

A convenient way of describing the geometrical nature of the vector space is by
introducing a coordinate system of the simplest type possible and discussing the
transformations of coordinates arising from the passage to other coordinate systems
that are equally simple. Let the coordinates of a vector ψa be the set of numbers a1,
a2, a3,….These numbers must in general be complex, since, as we saw … [earlier], we
can multiply the vectors by complex numerical coefficients and then add them to
other vectors. If we make a passage to a new coordinate system, in which the coor-
dinates of the vector ψa are a1*, a2*, a3*,…, then the new coordinates will be con-
nected with the old ones by linear relations of the type

where the γrs are numbers which depend only on the two coordinate systems and not
on the vector ψa.44

Thus, while Dirac utilized the algebraic approach to quantum mechanics in the first
edition of Principles, he emphasized the geometry of the space of state vectors in the
second edition. In a sense, this is more “visualizable” than the algebraic approach,
although visualizing complex vectors in a multidimensional (or even infinite-dimen-
sional) space does present a challenge! Dirac has remarked that his own thinking was
more geometrical than algebraic, and that his lifelong interest in the beauty of mathe-
matics was stimulated by projective geometry as a student.45 He also explained why his
preference for projective geometry was not more evident in his work:

ar as ,
s

rs= �*
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It was a most useful tool for research, but I did not mention it in my published
work. I do not think I have ever mentioned projective geometry in my published
work (but I am not sure about that) because I felt that most physicists were not
familiar with it. When I had obtained a particular result, I translated it into an ana-
lytic form and put down the argument in terms of equations. That was an argument
which any physicist would be able to understand without having had this special
training.46

The Third and Fourth Editions of Principles and Dirac’s Bracket Notation

The chapter headings for the third edition of Principles of 1947 are very similar to
those of the second edition, except that Dirac (figure 3) now treats both discrete and
continuous representations in a single chapter, and he called the final chapter Quan-
tum Electrodynamics (which I will discuss below) instead of Field Theory. The main
change, however, is that Dirac now uses the bracket notation that he had developed in
1939, and continues to use it in succeeding editions.

Dirac’s new notation can be symbolized as <bra|c|ket>, where the ket or ket vector
|ket> represents a quantum state that can be labeled by one or more parameters, for
example, |a,b,…>. The bra or bra vector is the conjugate imaginary vector; for example,
<a,b,…| is the conjugate imaginary of |a,b,…> in the sense that the product
<a,b,…|a,b,…> is a real positive number (note that he shortened || to |). In general,
<k|l> is a number whose complex conjugate is <l|k>. The c in the expression
<bra|c|ket> is a linear operator, so that c|ket> is also a ket and <bra|c is also a bra.

Herman Feshbach pointed out in a review of the third edition that the chief effect
of Dirac’s new notation is “to render the relation between states and wave functions
more transparent, many of the proofs become shorter and clearer.”47 Dyadics in state
vector space also can be used to represent linear operators.

The fourth edition of Principles of 1958 is identical to the third except for its final
chapter and one page that he added to emphasize the symmetry between occupied and
unoccupied fermion states, so that: “The holes are just as much physical things as the
original particles and are also fermions.”48 Dirac also made a few minor changes in the
chapter on the relativistic electron and added a paragraph on electron-positron sym-
metry.

In his preface to the fourth edition, Dirac explained why he replaced the quantum
electrodynamics (QED) in the third edition, in which the number of charged particles
is conserved, with a newer version:

In present-day high-energy physics the creation and annihilation of charged parti-
cles is a frequent occurrence. A quantum electrodynamics which demands conser-
vation of the number of charged particles is therefore out of touch with physical
reality. So I have replaced it by a quantum electrodynamics which includes cre-
ation and annihilation of electron-positron pairs. This involves abandoning any
close analogy with classical electron theory, but provides a closer description of
nature.49
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Dirac sent a copy of the fourth edition to Heisenberg, who replied:

I have in the past years repeatedly had the experience that when one has any sort of
doubt about difficult fundamental mathematical problems and their formal repre-
sentation, it is best to consult your book, because these questions are treated most
carefully in your book.50

The fourth edition (revised) is the same as the fourth edition except for two new final
sections, which I will discuss below.

Relativistic Quantum Mechanics and QED

In the first edition of Principles, Dirac begins Chapter XII, Theory of Radiation, by
considering “an assembly of n similar [evidently identical] systems of any kind that sat-

Fig. 3. Paul A.M. Dirac (1902–1984) in middle age. Credit: American Institute of Physics Emilio Segré
Visual Archives.
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isfy the Einstein-Bose statistics and are all perturbed by some external field of force,”51

which he specializes to a collection of photons interacting with an atomic system. His
strategy is to obtain the interaction between a single photon and an atomic system by
writing down the quantum-mechanical interaction for a large number of photons,
which in that limit should agree with classical electrodynamics. (That is, Dirac uses
Niels Bohr’s correspondence principle, although he does not refer to it by that name.)
He introduces the states of arbitrary numbers of identical Einstein-Bose systems and
forms the number representation, in which the observable nr (with integer eigenvalue)
represents the number of systems in the state r, so that the state of the assembly is writ-
ten as (n1, n2, …|). He summarizes the result of his derivation as follows:

This shows that an Einstein-Bose assembly is dynamically equivalent to a set of sim-
ple harmonic oscillators, there being one oscillator corresponding to each of a com-
plete set of independent states of a system of the assembly, the quantum number of the
oscillator corresponding to the number of systems in the state.52

One can Fourier analyze a classical wave and regard each Fourier component as equiv-
alent to a simple harmonic oscillator. If the Fourier components then are regarded as
quantum oscillators, the wave can then be regarded as having been quantized.53 Dirac,
however, stands this procedure on its head, declaring that:

We may replace the set of simple harmonic oscillators by a train of waves, each
Fourier component of the waves being dynamically equivalent to a simple harmon-
ic oscillator. Thus our Einstein-Bose assembly is dynamically equivalent to a system
of waves. This provides us with a complete reconciliation between the corpuscular
and wave theories of radiation. We may regard radiation either as an assembly of
photons satisfying the Einstein-Bose statistics or as a system of waves, the two points
of view being consistent and mathematically equivalent.54

In the former case, Dirac introduces the momentum and polarization of the photon as
observables and writes the Hamiltonian for the proper energies of the photons and
atomic system and their interaction energies. To include the possibility of photons
being created or annihilated, he labels the state of a photon oscillator so that it has a
“zero state” (occupation number zero) in which the photon has no energy or momen-
tum. He then writes the interaction energy of a large number of photons with a poten-
tial V and compares it to the corresponding classical expression, saying: “For simplici-
ty we shall consider the atom to consist of a single electron moving in an electrostatic
field of force.” That comparison yields expressions for matrix elements of the form
<p|V|p′>, where the ps are momenta of photons of given polarization. He then uses
these matrix elements to calculate the emission, absorption, and scattering of radiation.
He concludes by discussing Einstein’s Laws of Radiation, which he considered in an
earlier chapter but now completes by including spontaneous radiation from an excited
atom.

In his next chapter, Relativity Theory of the Electron, Dirac states that it is “fairly
certain” that the general principles of quantum mechanics can be applied in the rela-
tivistic domain, but only a general field theory like Heisenberg and Pauli’s would be
satisfactory,55 and this appears to be too difficult to use for practical applications. Dirac
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thus considers a single electron whose state is described by a function of space and
time, that is, by a Schrödinger wave function, and derives his famous relativistic wave
equation, which he solves for the case of the hydrogen atom.56

In the last section of this chapter, Dirac considers the Physical Meaning of the Neg-
ative Energy Solutions. He had already had the idea of the hole theory, that is, that the
infinite sea of negative-energy states are almost all occupied by electrons and thus,
because of the Pauli exclusion principle, are unavailable to transitions of electrons
from positive-energy states.57 The unoccupied states, the holes, would behave like pos-
itive charges of positive energy, which he thought could be protons, even conjecturing
that a proton and an electron occasionally would combine to annihilate each other. He
had not yet conceived the idea of the positron.

In the second edition of Principles, Dirac changed the heading of this final section
to Theory of the Positron. Its language is identical to that of the first edition until the
third paragraph, which in the first edition begins:

In this way we are led to infer that the negative-energy solutions … refer to the
motion of protons or hydrogen nuclei, although there remains the difficulty of the
great difference in the masses.58

In the second edition, the corresponding sentence reads:

In this way we are led to infer that the negative-energy solutions … refer to the
motion of a new kind of particle having the mass of an electron and opposite charge.
Such particles have been observed experimentally and are called positrons.59

In the rest of this paragraph, Dirac discusses occupied and unoccupied states in the
negative energy region. His discussion is identical in both editions, except that “proton”
in the first is replaced by “positron” in the second. The same is true for the rest of the
chapter until the final paragraph, where Dirac emphasizes the new symmetry between
electrons and positrons in the second edition.

The second edition also contains a new final Chapter XIII, Field Theory, in which
Dirac explains how it differs from his earlier Chapter XI, Theory of Radiation:

The present theory will go beyond that of Chapter XI in that the field quantities
themselves will be used as dynamical variables, not merely the amplitudes and phas-
es of their Fourier components, and the whole of the mutual interaction between
electrified particles, including also the Coulomb interaction, will be shown to follow
from the interaction between the particles and the field. The present theory will be
relativistic throughout and we shall take the velocity of light c equal to unity.60

Dirac first applied the quantum conditions to the electric and magnetic field compo-
nents. For simplicity of application, however, it also was necessary to explicitly quan-
tize the electromagnetic potentials. He applied the necessary supplementary conditions
on the potentials, in the form given by Enrico Fermi,61 to separate the transverse vec-
tor photons from the longitudinal and scalar ones, which represent the Coulomb inter-
action. For relativistic covariance, Dirac used Heisenberg and Pauli’s methods. Finally,
following Pascual Jordan and Eugene Wigner,62 he discussed the quantization of elec-
tron waves.
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The third and fourth editions of Principles, like the earlier ones, contain a chapter
on Theory of Radiation, now using Dirac’s bracket notation. They are identical, except
that Dirac added two paragraphs to it in the fourth edition. He obtained the same for-
mulas as those in the second edition, but he replaced the section entitled Einstein’s
Laws of Radiation in the second edition with a new section entitled An Assembly of
Fermions in the third and fourth editions, in which he stressed:

The foregoing work shows that there is a deep-seated analogy between the theory
of fermions and that of bosons, only slight changes having to be made in the gener-
al equations of the formalism when one passes from one to the other.63

That paragraph concluded his discussion in the third edition, but in the fourth edition he
added two paragraphs in which he pointed out a place where this analogy fails to hold,
namely, that fermion states can only be either singly occupied or unoccupied, which
leads to a symmetry between them. For example, corresponding to the vacuum state |0>,
in which all states are empty (still in the nonrelativistic case), Dirac introduced the state
|0*>, in which all states are occupied and destruction operators produce holes, writing:

We may look upon the unoccupied fermion states as holes among the occupied ones
and the η* variables as the operators of creation of such holes. The holes are just as
much physical things as the original particles and are also fermions.64

Dirac’s chapter on Relativistic Theory of the Electron is almost the same in the third
and fourth editions and contains only minor changes from the second edition. He again
turns to the Schrödinger picture where, he says, space and time are on the same foot-
ing. He improves the relativistic notation somewhat, for instance by replacing the
momentum W/c with po, where W is the energy, and introducing covariant and con-
travariant four-vectors at the outset in the fourth edition. In the section on the exis-
tence of electron spin, where he compares the squared Dirac equation with the classi-
cal relativistic Hamiltonian, he says that the Heisenberg picture is “always the more
suitable one for comparisons between classical and quantum mechanics.”65 For a slow-
ly moving electron, this allows him to display the term containing the electron’s mag-
netic moment, without having to discuss its (unobservable) imaginary electric moment.
His discussion of invariance under a Lorentz transformation is slightly simpler in the
fourth edition, because he uses better relativistic notation.

Dirac introduced his chapter on Field Theory in the second edition by remarking
that there exists a Hamiltonian theory of fields, and that there is a corresponding quan-
tum mechanics of fields. However:

It is of interest chiefly because of the mathematical beauty of its formal analogy with
the classical theory when it is expressed in symbolic form. It has not so far led to any
practical results which could not be obtained by more elementary methods.66

In the third edition, Dirac states that one “substantial alteration,” in addition to the
adoption of the bracket notation, has resulted from:

A further development of quantum electrodynamics, including the theory of the
Wentzel field. The theory of the electron in interaction with the electromagnetic
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field is carried as far as it can be at the present time without getting on to specula-
tive ground.67

Dirac’s Reservations About the New QED

The preface to the third edition of Principles is dated April 21, 1947. Thus, Dirac’s
Chapter XII, Quantum Electrodynamics, could not reflect the explosion in that field
that began at the conference that took place on Shelter Island, New York, June 2–4,
1947,68 where Willis Lamb reported the result of the Lamb-Retherford experiment,
which showed that there is a splitting between the 2S1/2 and 2P1/2 states of the hydro-
gen atom, contrary to what Dirac’s theory of the electron predicted. Following Lamb’s
talk, I.I. Rabi reported the results of an experiment that he, John E. Nafe, and Edward
B. Nelson had performed at Columbia University on the hyperfine structure of hydro-
gen and deuterium.69 In both cases, measurements showed a serious discrepancy with
existing theory. These effects were immediately recognized to be “radiative correc-
tions,” that is, higher-order effects in QED, requiring new methods of approach. Later,
Rabi, Polykarp Kusch, and Henry M. Foley showed that the electron’s magnetic
moment was “anomalous,” that is, different from that predicted by Dirac’s relativistic
theory of the electron.

Dirac’s Chapter XII, Quantum Electrodynamics, in the third edition of Principles
thus can be regarded as the state of the art before the new QED. Dirac begins this
chapter by introducing relativistic four-vectors x = (x0, x1, x2, x3) and discusses the
Lorentz-invariant delta functions δ(x·x) and δ(x·x)x0/|x0|, both of which vanish except
on the past and future light cones, where they are singular.* He next considers the
quantum conditions for the free fields in terms of the four-vector potential Aµ(x), writ-
ing the Hamiltonian for the field following Fermi’s method.70 To consider the interac-
tion of the classical field with matter, he combines the advanced and retarded solutions
of Maxwell’s equations in such a way that there is an effective radiation damping at
high frequencies. Finally, following Wentzel, he introduces new generalized potentials
and proposes the so-called λ-limiting process, such that the Maxwell and Wentzel
potentials become equal in the limit when λ goes to zero.71

In the quantum version of the theory, Dirac eliminates the longitudinal photons,
obtaining the Coulomb interaction. To represent the interaction of a single charged
particle with the transverse waves, he uses a power-series in its charge, assuming
that the interaction is weak. Divergent integrals appear as the coefficients, howev-
er, so:

We can conclude that the wave equation … has no solution of the form of a power
series in the charge e. This conclusion must hold also for the wave equation for sev-
eral particles – the transverse electromagnetic waves always lead to divergent inte-
grals when one tries to get a solution of the form of a power series in the charges of
the particles.72

* The scalar product of two four-vectors a and b is defined as a·b = a0b0 – a1b1 – a2b2 – a3b3.
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Dirac admits that the new QED “has many satisfying features in it” and that reason-
able results can be obtained (for sufficiently long wavelengths) by applying cut-off pro-
cedures. Nevertheless:

It is probable that some deep-lying changes will have to be made in the present for-
malism before it will provide a reliable theory for radiative processes involving short
wavelengths. These changes may correspond to a departure from the point-charge
model of elementary particles which provides the basis of the present theory.
Already in the classical theory the point-charge model involves some difficulties …
so it is not surprising that the passage to the quantum theory brings in further diffi-
culties.73

In his chapter on Quantum Electrodynamics in the fourth edition of Principles of 1958,
Dirac reformulates his discussion of QED in a somewhat clearer pedagogical form,
introducing sections on the free electromagnetic field and on “the electron and the
positron by themselves,” in which the electron-positron field is subjected to “second
quantization.”Thus, he now can use QED to treat the creation and annihilation of elec-
tron pairs. In other sections, he discusses the relativistic form of the quantum condi-
tions, the Schrödinger dynamical variables, the supplementary conditions, and the
interactions. He introduces physical variables whose significance is as follows: If Ψax
creates a positron or annihilates an electron at the point x, then Ψ *ax = eieV (x)/hΨ ax
“creates a positron at the point x together with its Coulomb field, or else annihilates an
electron at x together with its Coulomb field.”74 He replaces the Heisenberg-picture
Hamiltonian, in which “the relativistic invariance of the theory is manifest,” with a new
Hamiltonian H* that contains the physical variables and in which the unphysical pho-
tons are replaced by the Coulomb interactions of the particles.

This chapter is remarkable for ignoring the advances in QED that were made in the
preceding decade, except for a negative comment at its end. Thus, in its final section,
Dirac discusses Difficulties of the Theory, especially those concerning the vacuum fluc-
tuations of the electromagnetic field, which give rise to the production of virtual elec-
tron-positron pairs. In his final two cautionary paragraphs, he tacitly refers to the cur-
rent renormalization program:

People have succeeded in setting up certain rules that enable one to discard the
infinities produced by the fluctuations in a self-consistent way and have thus
obtained a workable theory from which one can calculate results that can be com-
pared with experiment. Good agreement with experiment has been found, showing
that there is some validity in the rules. But the rules are applicable only to special
problems, usually collision problems, and do not fit in with the logical foundations
of quantum mechanics. They should therefore not be considered a satisfactory solu-
tion of the difficulties.

It would seem that we have followed as far as possible the path of logical devel-
opment of the ideas of quantum mechanics as they are at present understood. The
difficulties, being of a profound character, can be removed only by some drastic
change in the foundations of the theory, probably a change as drastic as the passage
from Bohr’s orbit theory to the present quantum mechanics.75
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In the fourth edition (revised) of Principles, however, whose preface is dated in
1967, a decade after that of the fourth edition, Dirac replaced the paragraph labeled
Difficulties in the fourth edition with two new sections, labeled Interpretation and
Applications. He repeats some of the earlier material and again shows that the state
without photons and electrons is not the true vacuum state and is not a stationary state
because of the infinite vacuum fluctuations that take place. Therefore:

A theory which gives rise to infinite transition probabilities of course cannot be cor-
rect. This result need not surprise us, because quantum electrodynamics does not
provide a complete description of nature.We know from experiment that there exist
other kinds of particles, which can get created when large amounts of energy are
available. All that we can expect from a theory of quantum electrodynamics is that
it shall be valid for processes in which there is not enough energy available for these
other particles to be created to an appreciable extent, say for energies up to a few
hundred MeV [million electron volts].76

In other words, QED is a “low-energy effective field theory,” to use modern terminol-
ogy, and the high-energy behavior of the theory must be modified by some form of cut-
off, which spoils its relativistic invariance. Dirac then introduces the (unknown) true
vacuum state, which contains many particles, and uses the Heisenberg picture, in which
the state vector is constant.

In his section on Applications in the fourth edition (revised), Dirac (figure 4) states
that his new formulation of QED can be used to treat a single electron in a static elec-
tric or magnetic field, and he thus was able to calculate the Lamb shift and the anom-
alous magnetic moment of the electron.77 One also can go to the Schrödinger picture
and use the perturbation technique, but:

One finds that the later terms are large and depend strongly on the cut-off, or are
infinite if there is no cut-off. The perturbation procedure is not valid under these
conditions. Nevertheless people have developed this method a long way and have
devised working rules for discarding infinities (in a theory without cut-off) in a sys-
tematic manner, so that finite residual results remain…. The original calculations of
the Lamb shift and the anomalous magnetic moment were carried out on these lines,
long before the calculations in the Heisenberg picture. The results are the same by
both methods.78

Dirac concludes with these paragraphs:

Now there are other kinds of interactions, which are revealed in high-energy physics
and are important for the description of atomic nuclei. The interactions are not at
present sufficiently well understood to be incorporated into a system of equations
of motion.Theories of them have been set up and much developed and useful results
obtained from them. But in the absence of equations of motion these theories can-
not be presented as a logical development of the principles set up in this book. We
are effectively in the pre-Bohr era with regard to these other interactions.

It is to be hoped that with increasing knowledge a way will eventually be found
for adapting the high-energy theorems into a scheme based on equations of motion,
and so unifying them with those of low-energy physics.79
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Postscript

By surveying the five editions of Dirac’s Principles, from the first of 1930 to the fourth
(revised) of 1967, and by indicating what he included in them, we have gained some
insight into Dirac’s thinking about the fundamental aspects of quantum theory. We
have seen that his views hardly changed regarding the nonrelativistic theory. However,
in spite of the successes of his magnificent relativistic equation of the electron, he strug-
gled to understand the relativistic treatment of several particles and quantum field the-
ory – in which struggles, of course, he was not alone. Still, we can learn more about the
difficulties he was facing by looking briefly at what he did not see fit to include in Prin-
ciples.

Dirac made his first attempt to formulate a relativistic quantum theory in an article
of 1926, in which he introduced a “quantum-time” variable to treat space and time in an
even-handed way, as required by relativity theory.80 As the generalized momentum con-
jugate to the q-number time he chose –W, where W is the energy, as in classical Hamil-
ton-Jacobi theory. This led to the difficulty that the Hamiltonian equation, H = W, is
“not consistent with the quantum conditions,” because while an arbitrary function of the
coordinates and momenta always commutes with W, it does not generally do so with the
Hamiltonian H. Nevertheless, using Bohr’s correspondence principle, Dirac applied his
new method to solve the problem of Compton scattering for spinless electrons, as he
and Walter Gordon showed later using the Klein-Gordon equation.81

Fig. 4. Paul A.M. Dirac (1902–1984) lecturing at Yeshiva University in New York in 1963–1964.
Credit: American Institute of Physics Emilio Segré Visual Archives, Physics Today Collection.
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Dirac did not mention “quantum time” in his subsequent papers, nor did he in Prin-
ciples. But there a hint of his struggle in trying to formulate a relativistic quantum the-
ory in the first chapter of the first edition of Principles, in which he gave the concept of
“state” a four-dimensional significance:

It is convenient … to modify slightly the meaning of the word “state” and to make
it more precise. We must regard the state of a system as referring to its condition
throughout an indefinite period of time and not to its condition at a particular time,
which would make the state a function of the time. Thus a state refers to a region of
4-dimensional space-time and not to a region of 3-dimensional space.82

Dirac pointed out that there is an arbitrariness in this definition concerning what part
of the system we decide to include in its “state,” for example, whether the measuring
apparatus is considered to be part of its state or as an “outside influence.” He also
remarked that one “needs a corresponding space-time meaning of an observation.”

In the last chapter of the first edition of Principles, Relativity Theory of the Elec-
tron, Dirac argued that it is “fairly certain” that the transformation theory he devel-
oped earlier “will apply also to relativity treatments of dynamical systems.”83 Howev-
er, one would have to relate dynamical variables at a given time to those at another
time, and these relations “would in general be very complicated and artificial, as they
would require us to connect distant parts of space-time.”The most straightforward way
to deal with this difficulty would be to formulate a “purely field theory,” but this
“involves complicated mathematics and appears to be too difficult for practical appli-
cation.” In the special case of a single particle, however, one can introduce a
(Schrödinger) wave function whose domain “becomes identical with the ordinary
space-time continuum, and this circumstance makes possible an elementary treatment
of the problem which cannot be extended to more general dynamical systems.”84 He
then derived the relativistic equation of the electron as he had done in his famous
paper of 1928.85

Between the time that Dirac wrote the first and second editions of Principles, specif-
ically in 1932 and 1933, he worked on the problem of relativistic quantum mechanics
of several particles, publishing three papers86 that strongly influenced those whom Sil-
van S. Schweber has called the “Men Who Made” QED, namely, Freeman Dyson,
Richard Feynman, Julian Schwinger, and Sin-itiroTomonaga.87 Three years later, how-
ever, Dirac did not mention these three papers in the context of relativistic quantum
mechanics in the second edition of Principles.* In fact, he retreated from his earlier
attempt to formulate a relativistic quantum mechanics. As he stated in its preface:

The main change [from the first edition] has been brought about by the use of the
word “state” in a three-dimensional non-relativistic sense. It would seem at first

* However, in the second edition of Principles, Dirac included a section on The Action Principle
in his chapter The Equations of Motion, which he also included in all subsequent editions but
with a footnote saying, “This section may be omitted by the student who is not specially con-
cerned with higher dynamics.” Richard Feynman quotes much of this section in his doctoral
thesis; see Laurie M. Brown, ed., Feynman’s Thesis – A New Approach to Quantum Theory (Sin-
gapore: World Scientific, 2005).
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sight a pity to build up the theory largely on the basis of non-relativistic concepts.
The use of the non-relativistic meaning of “state,” however, contributes so essential-
ly to the possibilities of clear exposition as to lead one to suspect that the funda-
mental ideas of the present quantum mechanics are in need of serious alteration at
just this point, and that an improved theory would agree more closely with the
development here given than with a development which aims at preserving the rel-
ativistic meaning of “state” throughout.88

Rejecting on philosophical and practical grounds the relativistic quantum field theory
that Heisenberg and Pauli had published in 1929,89 Dirac set out to construct an alter-
native QED in the first of the three papers noted above. He argued that the electro-
magnetic field should play a different role than that of the electrons, because:

The very nature of an observation requires an interplay between the field and the par-
ticles. We cannot therefore suppose the field to be a dynamical system on the same
footing as the particles and thus something to be observed in the same way as the
particles. The field should appear in the theory as something more elementary and
fundamental.90

He proposed to generalize nonrelativistic quantum mechanics by borrowing the idea
that “the probability of occurrence of any transition process is always given as the
square of the modulus of a certain quantity … referring to the initial and final states.”
And, he continued:

These quantities, which we shall refer to as probability amplitudes, will then be the
building stones analogous to Heisenberg’s matrix elements. We should expect to be
able to set up an algebraic scheme involving only the probability amplitudes and to
translate the equations of motion of relativistic classical theory directly into exact
equations expressible entirely in terms of those quantities.91

Dirac then showed how to set up the interaction between two electrons in terms of a
wave function depending upon their space-time coordinates (thus with two times) and
a single field. He showed that in the one-dimensional case this gives the expected rel-
ativistic interaction of the two electrons.

Shortly thereafter, Léon Rosenfeld showed that Dirac’s “new quantum theory” was,
in fact, equivalent to Heisenberg and Pauli’s.92 Nonetheless, there was a good deal of
interest in Dirac’s new theory in Russia, and later in 1933 Dirac, Vladimir Fock, and
Boris Podolsky showed that equivalence in a different way and also developed Dirac’s
new theory further.93

Dirac’s new quantum theory also attracted the attention of Sin-itiro Tomonaga and
his mentor Yoshio Nishina in Japan.Tomonaga began applying it, now called the many-
time theory, and he, Feynman, and Schwinger shared the Nobel Prize in Physics for
1965 for their work on renormalization. Tomonaga discussed his work in the first part
of his Nobel Lecture.94 His and Schwinger’s formulations of renormalized relativistic
QED are both based upon their generalizations of Dirac’s new quantum mechanics to
a super-many-time theory, involving the quantization of the electromagnetic field on an
arbitrary space-like surface.95
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In his paper of 1933, Dirac also assigned possible roles of the Lagrangian and the
action principle in relativistic quantum mechanics. He specified the correspondence
between the transformation function of quantum mechanics, connecting two times,
finitely or infinitesimally separated, and an exponential function of the action, pointing
out that the action is a relativistic invariant.96 Feynman, in his Nobel Lecture,97

described how he had used Dirac’s action principle as his point of departure for the
development of his path-integral method for quantum mechanics, for which he is just-
ly famous.

Thus, although Dirac did not mention his work on the many-time theory and on the
action principle in Principles, they played major roles in the later developments of
renormalization theory. Dirac disregarded that connection and could never bring him-
self to accept renormalization theory, in spite of its precise agreement with experiment.
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